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In the context of the SU(2) slave boson theory we show that condensation of holons can result
in the zero mode of a nodal spinon in a single instanton potential. Instanton contribution in the
presence of the zero mode induces the ’t Hooft effective interaction, here mass to the spinon. We
find that the spinon mass is determined by the state of instantons in the presence of the zero mode.
The mass corresponds to antiferromagnetic moment of the nodal spinon. Considering the state
of instantons, we discuss the possibility of coexistence between antiferromagnetism and d − wave
superconductivity in underdoped cuprates.
PACS numbers: 74.20.Mn, 73.43.Nq, 11.10.Kk
High Tc superconductivity (SC) is believed to result
from hole doping to an antiferromagnetic Mott insulator
(AFMI). Hole doping to theAFMI destroys the antifer-
romagnetic long range order and causes a paramagnetic
Mott insulator (PMMI) usually dubbed the pseudogap
phase. High Tc SC is expected to occur by further hole
doping to the PMMI[1]. Recently, the PMMI is pro-
posed to be the U(1) spin liquid (U1SL) described by
QED3 in terms of massless Dirac spinons interacting via
non-compact U(1) gauge fields, which originates from ir-
relevance of instanton excitations of compact U(1) gauge
fields in the large flavor limit[1, 2]. According to this sce-
nario, high Tc SC arises from hole doping to the U1SL.
In the present study we investigate the role of hole
doping in the U1SL. In the context of the SU(2) slave
boson theory[3] doped holes are represented by SU(2)
holon doublets. It is the key observation that isospin in-
teractions between spinons and holons can appear in the
SU(2) slave boson theory. This new interaction is shown
to result in the zero mode of a nodal spinon in a single
instanton potential[4], which appears in the SC state re-
sulting from the condensation of holon doublets. In high
energy physics the instanton contribution in the presence
of the fermion zero mode is well known to induce the ’t
Hooft effective interaction, here mass to the spinon[5, 6].
We find that the spinon mass is determined by the state
of instantons in the presence of the zero mode. The mass
corresponds to antiferromagnetic moment of the nodal
spinon[7, 8]. Considering the state of instantons, we dis-
cuss the possibility of coexistence between antiferromag-
netism (AF ) and d− wave SC in underdoped cuprates.
We consider an effective Lagrangian describing hole
doped U1SL in the context of the SU(2) slave boson
theory[1, 3]
Z =
∫
DψnDznDaµe
−
∫
d3xL,
L =
2∑
n,m=1
[
ψ¯nγµ(∂µδnm + iaµτ
3
nm)ψm
+|(∂µδnm + iaµτ
3
nm)zm|
2 +m2|zn|
2 +
u
2
|zn|
4
+
1
2
2∑
n′,m′=1
Gψ¯nτ
k
nmψmz
†
n′τ
k
n′m′zm′
]
+
1
2e2
|∂ × a|2.(1)
Here ψn =
(
χ+n
χ−n
)
is the four component massless
Dirac fermion where n = 1, 2 represent SU(2) isospin
indices. The two component spinors χ±n are given by
χ+1 =
(
f1e↑
f1o↑
)
, χ−1 =
(
f2o↑
f2e↑
)
, χ+2 =
(
f †1e↓
f †1o↓
)
, and
χ−2 =
(
f †2o↓
f †2e↓
)
, respectively. In the spinon field fabc
a = 1, 2 represent the nodal points of (π/2, π/2) and
(−π/2, π/2), b = e, o, even and odd sites, and c =↑, ↓,
its spin, respectively[7]. The Dirac matrices γµ are
given by γ0 =
(
σ3 0
0 −σ3
)
, γ1 =
(
σ2 0
0 −σ2
)
, and
γ2 =
(
σ1 0
0 −σ1
)
, respectively, where they satisfy the
Clifford algebra [γµ, γν ]+ = 2δµν [7]. zn represents the
SU(2) holon doublet with the isospin indices n = 1, 2[3].
m and u denote the mass and self-interaction of the
holon, respectively. We model an effective holon poten-
tial with easy plane anisotropy resulting from the con-
tribution of high energy fermions[3]. A coupling between
the spinon and holon isospins originates from gauge inter-
actions mediated by the time component of SU(2) gauge
fields[3]. Similar consideration can be found in Ref. [3].
G denotes the coupling strength between the isospins and
τk acts on the SU(2) isospin space. As will be seen be-
low, this isospin interaction plays an important role on
instanton excitations in the SC state. aµ is a compact
U(1) gauge field in itself. The kinetic energy of the gauge
2field arises from particle-hole excitations of high energy
quasiparticles[9]. e is an effective internal charge, not a
real electric charge.
In passing, we discuss an effective field theory in the
SC state of Eq. (1) without the isospin interaction.
Holon condensation < z1(2) > 6= 0 results in the SC state,
causing the U(1) gauge field aµ to be massive via the
Anderson-Higgs mechanism. Integration over the mas-
sive gauge field gives an effective field theory in terms of
electrons cn = z
†
nψn and holon pairs z1z2. The spinons
and holons are confined to form internal charge neutral
objects. This phase can be considered to be the Higgs-
confinement phase in the context of the gauge theory[10].
In the easy plane limit zn = e
iφn , the low energy effective
Lagrangian is given by
L =
ρ
2
|∂µφ− 2Aµ|
2 +
i
2
(∂µφ− 2Aµ)c¯nγµcn
+c¯nγµ(∂µ + iAµ)cn +
1
2g
|c¯1γµc1 − c¯2γµc2|
2. (2)
Here φ is the phase field of the holon pair, eiφ = z1z2 =
ei(φ1+φ2). An external electromagnetic field Aµ is in-
troduced. ρ is the stiffness parameter proportional to
hole concentration δ and 1/g ∼ 1/ρ, the strength of
four fermion interaction. Surprisingly, this effective La-
grangian is nothing but that of the d − wave BCS
superconductor[11]. A detailed discussion of this theory
can be found in Refs. [11, 12]. In this letter we show
that the presence of the isospin interaction can alter this
effective field theory completely.
Separating the compact U(1) gauge field aµ into aµ =
aclµ + a
qu
µ where a
cl
µ represents an instanton configura-
tion and aquµ , gaussian fluctuations, and integrating over
the massless Dirac spinon field in Eq. (1), we obtain a
fermion determinant including the isospin interaction. In
order to calculate the determinant we solve an equation
of motion in the presence of a single monopole poten-
tial aclµ = a(r)ǫ3αµxα[13] and its corresponding hedge-
hog configuration Iintµ =
1
2z
†
nτ
µ
nmzm = Φ(r)xµ where
a(r) and Φ(r) are proportional to r−2 in r → ∞ with
r =
√
τ2 + x2 + y2[4, 14]
(γµ∂µδnm − ia(r)(γ × x)3τ
3
nm +GΦ(r)xµτ
µ
nm)ψm
= Eψn. (3)
In the absence of the isospin interaction it is well known
that there are no fermion zero modes[8]. On the other
hand, the presence of the isospin interaction results in a
fermion zero mode. In the SU(2) gauge theory of mass-
less Dirac fermions and adjoint Higgs fields interacting
via SU(2) gauge fields, Jackiw and Rebbi showed that a
Dirac equation coupled to the isospin of the Higgs field
has a fermion zero mode in a single magnetic monopole
potential[4]. Following Jackiw and Rebbi, we show that
Eq. (3) also has a zero mode. We rewrite Eq. (3) in
terms of the two component spinors χ±n with E = 0
(σ3∂τ )ijχ
±
jn + (σ2∂x)ijχ
±
jn + (σ1∂y)ijχ
±
jn
−iay(σ2)ijχ
±
jm(τ
3T )mn + iax(σ1)ijχ
±
jm(τ
3T )mn
±GΦxµχ
±
jm(τ
µT )mn = 0. (4)
Inserting χ±in =M
±
imτ
2
mn with a two-by-two matrixM
±
into the above, we obtain
σ3∂τM
± + σ2∂xM
± + σ1∂yM
±
+iayσ2M
±σ3 − iaxσ1M
±σ3 ∓GΦM±xµσ
µ = 0.(5)
Now the isospin matrices and the Dirac matrices are
indistinguishable[4]. Finally, representing the matrix
M± inM±im = g
±δim+ g
±
µ σ
µ
im, we obtain coupled equa-
tions of motion for the numbers g± and g±µ
(∂τ ∓GΦτ)g
± − i(∂x + ax±GΦy)g
±
1
+i(∂y + ay ±GΦx)g
±
2 = 0,
(∂x − ax∓GΦy)g
± + i(∂τ ±GΦτ)g
±
1
−i(∂y − ay ±GΦx)g
±
3 = 0,
(∂y − ay ∓GΦx)g
± − i(∂τ ±GΦτ)g
±
2
+i(∂x − ax±GΦy)g
±
3 = 0,
(∂τ ∓GΦτ)g
±
3 + (∂x + ax∓GΦy)g
±
2
+(∂y + ay ∓GΦx)g
±
1 = 0. (6)
These equations yield the following zero mode equations
(∂τ +GΦτ)g
− = 0,
(∂x − ax+GΦy)g
− = 0,
(∂y − ay +GΦx)g
− = 0. (7)
The zero mode solution g− is given by g− ∼
exp
[
−
∫
dτGΦ(r)τ+
∫
dx(a(r)x−GΦ(r)y)+
∫
dy(a(r)y−
GΦ(r)x)
]
. Without the isospin interaction it can be eas-
ily seen that there exist no normalizable fermion zero
modes[8]. The existence of the zero mode makes the
fermion determinant zero in the single monopole excita-
tion. As a result the condensation of magnetic monopoles
is forbidden. It is well known that the monopole con-
densation causes confinement of charged particles[2, 15].
The suppression of monopole condensation results in
deconfinement[16] of internally charged particles, here
the spinons and holons. This deconfined SC state com-
pletely differs from the usual one corresponding to the
Higgs-confinement phase described by Eq. (2). Below
we discuss an effective field theory to describe this un-
usual SC state.
In high energy physics it is well known that the instan-
ton contribution in the presence of the fermion zero mode
gives rise to an effective interaction to the fermions[5, 6].
This interaction is usually called the ’t Hooft effective in-
teraction. In order to obtain the effective fermion inter-
action it is necessary to average the partition function in
3Eq. (1) over various instanton and anti-instanton config-
urations. Following Ref. [6], first we consider a partition
function in a single instanton potential
Zψ =
∫
Dψne
−
∫
d3xψ¯nγµ∂µψn
(
m− V I [ψn]
)
,
V I [ψn] =
∫
d3x
(
ψ¯n(x)γµ∂µΦ
I
n(x)
)
×
∫
d3y
(
Φ¯In(y)γµ∂µψn(y)
)
. (8)
Here ΦIn is the zero mode obtained from Eq. (7). A
fermion mass m is introduced. Later the chiral limit
m → 0 will be chosen. The effective action includ-
ing the effective potential V I [ψn] in Eq. (8) gives a
correct green function in a single instanton potential[6],
SI(x, y) =< ψn(x)ψ¯n(y) >= −
ΦIn(x)Φ¯
I
n(y)
m +S0(x, y) with
the bare propagator S0(x, y) = (γµ∂µ)
−1δ(x − y). Thus
the partition function Eq. (8) can be used for instan-
ton average[6]. The partition function in the presence of
N+ instantons and N− anti-instantons can be easily built
up[6]
Zψ =
∫
DψnDa
qu
µ e
−
∫
d3xψ¯nγµ(∂µ−ia
qu
µ )ψn
×
(
m− < V I [ψn] >
)N+(
m− < V I [ψn] >
)N−
. (9)
Here we admit a non-compact U(1) gauge field aquµ repre-
senting gaussian fluctuations. Below the index qu is omit-
ted. < ... > means averaging over the individual instan-
tons. Introducing instanton averaged non-local fermion
vertices Y± = −V < V
I [ψn] >= −
∫
d3zI(I¯)V
I(I¯)[ψn]
with volume V , where zI(I¯) represent instanton center
positions[6], we obtain a partition function in the chiral
limit m→ 0
Zψ =
∫
DψnDaµe
−
∫
d3xψ¯nγµ(∂µ−iaµ)ψn
×
∫
dλ±
2π
∫
dΓ±e
iλ+(Y+−Γ+)+N+ ln
Γ+
V +(+→−).(10)
Integration over λ± and Γ± recovers Eq. (9) in the chi-
ral limit. In the thermodynamic limit N±, V → ∞ and
N±/V fixed, integration over Γ± and λ± can be per-
formed by the saddle point method[6]. Integrating over
Γ± first, we obtain
Zψ =
∫
dλ±
2π
e
N+
(
ln
N+
iλ+V
−1
)
+(+→−)
×
∫
DψnDaµe
−
∫
d3xψ¯nγµ(∂µ−iaµ)ψn+iλ+Y++iλ−Y− .(11)
An explicit calculation for the instanton average shows
that the vertex Y ± corresponds to a mass[6], Y ± =∫
d3k
(2pi)3 (2πρF (k))
2ψ¯n
1±γ5
2 ψn with γ5 =
(
0 I
−I 0
)
[7].
Here F (k) is associated with the fermion zero mode in
the effective potential V I [ψn] in Eq. (8). In the present
paper we do not perform an explicit calculation for the
instanton average in Y± and thus we do not know an
exact form of F (k). Our objective is to see how the ’t
Hooft interaction appears as an instanton effect. Here
ρ is the size of an instanton. Owing to the neutrality
condition of magnetic charges N+ = N− = N/2 is ob-
tained in Eq. (11), where N is the total number of in-
stantons and anti-instantons. The saddle point solution
for λ+ = λ− ≡ λ in Eq. (11) gives rise to the cancellation
of the γ5 term in the mass, causing the momentum de-
pendent mass m(k) = mψF
2(k) with mψ = λ(2πρ)
2[6].
The mass mψ is determined by the saddle point equation
for λ usually called the self-consistent gap equation[6]
8
N/V
∫
d3k
(2π)3
m2(k)
k2 +m2(k)
= 1. (12)
Ignoring the momentum dependence by setting F (k) = 1
for simplicity, we obtain the mass mψ =
pi
2Λ1/2
(
N
V
)1/2
with the momentum cut-off Λ in small mass limit. Since
the mean density of instantons is proportional to the in-
stanton fugacity, N/V ∼ ym = e
−Sinst with an instanton
action Sinst ∼ 1/e
2[15, 17], the fermion mass is roughly
given by mψ ∼ y
1/2
m . We obtain the effective Lagrangian
in terms of the Dirac spinon ψn with the ’t Hooft effec-
tive massmψ interacting via the non-compact U(1) gauge
field aµ, Lψ =
∑2
n,m=1
[
ψ¯nγµ(∂µδnm + iaµτ
3
nm)ψm +
mψψ¯nψn
]
. Despite the mass term we cannot say that
the spinon is really massive. We should show that the in-
stanton fugacity ym is non-zero. ym would be determined
self-consistently in the presence of holon contributions.
Including the holon contribution, the non-linear σ
model with the easy plane anisotropy and performing
a standard duality transformation[17, 18, 19], we ob-
tain the total effective Lagrangian in terms of the Dirac
spinons and holon vortices with the electromagnetic field
Aµ[20]
L =
2∑
n=1
[
|(∂µ − icnµ)Φn|
2 +m2Φ|Φn|
2 +
uΦ
2
|Φn|
4
−i(∂ × cn)µAµ +
1
2ρ
|∂ × cn|
2
]
+
1
2e2
|∂ × a|2 − i(∂ × a)µ(c1µ − c2µ)
+
2∑
n,m=1
[
ψ¯nγµ(∂µδnm + iaµτ
3
nm)ψm +mψψ¯nψn
]
.(13)
Here Φ1(2) is the vortex field with isospin ↑ (↓) (isospin
↑ (↓) meron field[18]) and c1(2)µ, its vortex gauge field
mediating interactions between the vortices. mΦ and uΦ
are the mass and self-interaction of the vortices, respec-
tively. ρ ∼ δ is the coupling strength between the vortex
and vortex gauge field. The presence of the fermion zero
mode in a single instanton potential is the key ingredient
4resulting in Eq. (13). In the absence of the fermion zero
mode the term −ym(Φ1Φ
†
2 +Φ
†
1Φ2) is usually generated
in the dilute approximation of instantons[17, 18, 19]. A
renormalization group (RG) study shows instanton con-
densation (ym → ∞)[19] inducing vortex pair conden-
sation < Φ1Φ
†
2 > 6= 0 in the SC state[17, 19]. As a
result the Higgs-confinement phase arises[17, 19]. This
state is described by the holon pairs z1z2 [Eq. (2)] in
the Higgs field representation. On the other hand, in the
presence of the fermion zero mode this term makes the
partition function zero and thus does not contribute to
our effective Lagrangian Eq. (13). In the dilute approxi-
mation of instantons the fugacity ym appears only in the
fermion mass. At this level of approximation it is diffi-
cult to determine the instanton fugacity, i.e., the state
of instantons. As a matter of fact it is a long standing
unsolved problem to determine the state of instantons in
the presence of matter fields. Generally speaking, there
are two possible instanton states resulting in deconfined
SC; one is a dipolar phase (ym → 0) and the other, a
”liquid” phase (0 < ym < ∞). The latter does not ap-
pear in the Abelian Higgs model[19] (without fermions).
But, in the present model we do not have any evidence
to exclude this instanton state. In (2+1) dimensions the
basic trend is confinement, i.e., ym → ∞[10, 17] away
from quantum criticality[2, 18, 19]. Owing to the con-
finement tendency we should consider dense instantons.
But, the presence of the fermion zero mode does not al-
low instanton condensation. In the dense limit a new
phase is expected instead of plasma and dipolar phases.
There exist some reports about a new phase in the two
dimensional Coulomb gas when the density of particles
is high[21]. Furthermore, a new fixed point with non-
zero instanton fugacity was recently reported even in the
QED3 with only massless Dirac fremions[22]. In this let-
ter we consider a liquid phase of instantons, i.e., ym 6= 0.
We view the emergence of a liquid state as the proximate
effect of the Higgs-confinement phase in the presence of
the fermion zero mode. In the dipolar phase the spinon
mass vanishes because of mψ ∼ y
1/2
m → 0. The resulting
effective field theory is completely the same as Eq. (13)
except zero spinon mass. We do not exclude the possi-
bility of this dipolar phase. We will discuss this plausible
state in a separate publication, including phase transi-
tions between the three different SC phases.
The mass corresponds to the antiferromagnetic mo-
ment of the nodal fermion[7, 8]. If instantons are in a
liquid state, the AF of the nodal fermions can coexist
with the d− wave SC in underdoped cuprates[23]. The
mass can be considered as an evidence of deconfinement
in the underdoped SC phase. Thus, if the AF is observed
in the SC phase, deconfinement of the spinons and holons
is expected to occur. Many recent experiments have re-
ported the coexistence of the AF and SC[24]. Our new
SC may have a chance to be applicable.
Since the Dirac fermions are massive in the present
consideration, they can be safely integrated out. As a
result the Maxwell kinetic energy La =
1
2e˜2 |∂ × a|
2 with
e˜2 = 12πmψ[7] is generated. Integrating over the internal
gauge field aµ, we obtain a mass term for the vortex gauge
fields,
e2eff
2 |c1µ − c2µ|
2 with an effective internal charge
e2eff = (e
2e˜2)/(e2+e˜2). The mass is a relevant parameter
in the RG sense, thus admitting us to set c1µ = c2µ ≡
cµ in the low energy limit. An effective Lagrangian is
obtained to be in the SC state
LSC =
2∑
n=1
[
|(∂µ − icµ)Φn|
2 +m2Φ|Φn|
2 +
uΦ
2
|Φn|
4
]
−i2Aµ(∂ × c)µ +
1
ρ
|∂ × c|2. (14)
In the coupling −i2Aµ(∂× c)µ an electric charge 2 origi-
nates from both the z1 and z2 bosons. 2eel electric charge
infers that a vortex quantum is hc/2eel. Although the
underdoped SC state is argued to be the deconfinement
phase, the vortex quantum is not hc/eel but hc/2eel.
This is nothing but the meron-type vortex discussed in
Ref. [25]. The superconductor to insulator transition
induced by the meron vortices is expected to fall into
the XY universality class[12, 23]. The above holon vor-
tex Lagrangian is just dual to the non-linear σ model
with a non-compact U(1) gauge field in Eq. (1). This
Lagrangian was recently studied by the present author
using a RG analysis[19]. In the study the author showed
that the quantum critical point is governed by the XY
fixed point. This result seems to be consistent with ex-
periments for YBCO[26].
We would like to comment that the present SU(2) for-
mulation is valid only in underdoped region[3]. The ef-
fect of SU(2) symmetry breaking may be studied by in-
troducing the Zeeman terms, −Hψψ¯τ
3ψ and −Hzz
†τ3z,
where Hψ(z) is an effective ”magnetic field” proportional
to hole concentration. They would be important at large
doping. −Hψψ¯τ
3ψ is expected to make the fermion zero
mode disappear. This can be checked by investigating the
equation of motion [Eq. (3)] in the presence of the Zee-
man term. The role of −Hzz
†τ3z is not clear at present.
The disappearance of the fermion zero mode will cause
the Higgs-confinement phase described by Eq. (2). We
anticipate a quantum phase transition between the de-
confined SC [Eq. (13)] and the BCS one [Eq. (2)] at
some critical doping inside the SC dome. This interest-
ing possibility will be studied near future.
K.-S. Kim especially thanks Dr. Yee, Ho-Ung for help-
ful discussions of the fermion zero mode and ’t Hooft
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